Abstract: One step hybrid numerical scheme for the direct solution of general second order ordinary differential equations is proposed in this paper. The scheme is developed using the collocation and interpolation techniques on the power series approximate solution and augmented by the introduction of one offstep point in order to circumvent Dahlquist zero stability barrier and upgrade the order of consistency of the method. The continuous implicit hybrid one step scheme obtained has the advantage of easy change of step length and evaluation of functions at offstep points. The block method used to implement the main method guarantees that each discrete method obtained from the simultaneous solution of the block has the same order of accuracy as the main method. Accuracy of the scheme was tested with numerical examples, the result shows a better performance over the existing schemes. Hence, the new one step method has high order of accuracy with very low error constants. It has large intervals of absolute stability and are zero stable and converges.
Introduction
In general, a second order ordinary differential equation has the form:
where x 0 is the initial point, y 0 is the solution at x 0 , f is a continuous function within the interval of integration and prime indicates differentiation with respect to x. Such kind of equations have been discussed by various researchers, among them are Gear [10] , Lambert [13, 14] , Ceschino and Kuntzmann [6] , Chawla and Neta [7] , Brugnano and Trigiante [5] , Tselyaev [17] , Awoyemi, Adesanya and Ogunyebi [3] . The direct method of solving an equation (1) has been reported to be more efficient than the method of reduction to a system of first order ordinary differential equations (Brown [4] ) and this has led many scholars to attempts to solve equation (1) directly, without reduction to system of first order equations. Brown [4] and Lambert [14] proposed a multi-derivative method to solve equation (1) directly. Omelehin, Ibiejugba, Alabi and Evans [15] proposed a two step implicit method, which is of order four, to solve equation (1) . Also Kayode and Awoyemi [12] improved further the work of Omolehin et al [15] by proposing a five step method for direct solution of equation equation (1) using power series as basis function. All these methods consider the solution of equation (1) at selected grid points without taking account for off-grids points. Recently, the attention has been focused at incorporating off-grid points into the solution of equation (1) . Yahaya and Badmus [18] developed a class of hybrid block method for solving equation (1) but the methods are of low order of accuracy.
In this work, an hybrid single step scheme with just one off step point is proposed to solve numerically general second order initial value problem. In the next section derivation of the scheme is given. Section 3 provides the analysis of the method, while numerical implementation of the scheme, discussion of result and conclusion are in Sections 4, 5 and 6, respectively.
Derivation of the Scheme
We consider a power series approximate solution in the form:
where c and i are numbers of distinct collocation and interpolation points, respectively. Substituting the second derivative of (2) into (1) gives:
We consider a grid point of steplength one and off step point at x = x n+ . Collocating (3) at points x = x n , x n+ 1 4 and x n+1 , interpolating (2) at x = x n and x n+ 1 4 gives a system of nonlinear equations of the form:
where
and
Solving equation (4) for a ′ j s which are constants to be determined and substituting into approximate solution (2) gives a continuous hybrid multistep method of the form:
and t = x − x n h . Evaluating (5) at t = 1 gives rise to:
Also differentiating (5) , where
f n+ 1 4 ],
On evaluating (7) at t = 0, 
Let Y m and F m be defined by
Then a general k block, r-point block method is a matrix of finite difference equation of the form
where all the A ′ i s and B ′ i s are properly chosen r × r matrix coefficient and m = 0, 1, 2, · · · represent the block number, n = mr is the first step number of the mth block and r is the proposed block size. (Chu and Hamilton [8] ).
In order to implement (6) and (8), we use a modified block method defined as follows:
where λ is the power of the derivative of the continuous method and µ is the order of the problem to be solved; q = r + s. In vector notation, (10) can be written as:
where the matrices a = (a ij ), e = (e ij ),
The normalized version of (11) is given by
The modified block formulae (11) and (12) are employed to simultaneously obtain the values of y n+ 1 4 , y n+1 , y ′ n+ 1 4 , y ′ n+1 needed to implement (6) . Combining (6) and (8) in the form of (11) and (12) yield the block method below: .
Using (12), we obtain the block solution as:
Written the above explicitly gives:
Analysis of the Scheme
In this section, we analyze the derived scheme by determining the order and error constant, consistency, zero stability and region of absolute stability of the scheme.
Order and error constant
A Linear Multistep Method is of the form:
Equation (13) can be written in operator form as
Equation (14) has order p if:
where the value at C p+2 is the error constant. Main scheme Writing (6) in the form:
on expanding y(x n + jh) and y ′′ (x n + jh), j = 1,
Collecting the powers in terms of h and y gives the following constants
.
Hence, the main method is of order p = 4 with error constant C p+2 = − f n+1 = 0.
Expanding the above in Taylor series about x n in the form Hence the block method has order p= (3, 3, 3, 3, 3) T with error constant
, 1 144 ).
Consistency
In the spirit of Lambert [14] , for consistency of the method, we have the following conditions:
• Order p ≥ 1,
where ρ and σ are the first and second characteristics polynomial of equation (5) . Applying these conditions to the main scheme, it is found to be consistent. A block method is said to be consistent if it has order of at least one (Yahaya and Badmus [18] ).
Thus our block method is consistent.
Zero Stability
A block method is said to be zero stable if as h → 0, the root r j j = 1(1)k of the first characteristics polynomial ρ(R) = 0, that is ρ(R)=det[ A 0 R k−1 ] = 0, satisfying |R| ≤ 1 and for those root with |R| ≤ 1 must have multiplicity equal to unity (see Fatunla [9] for details). 
Hence the block is zero stable.
Zero Stability of the main method
According to Lambert [14] a linear multistep method of the form (13) is said to be Zero stable if no roots of the first characteristic polynomial ρ(r) has modulus greater than one, and if every root of the modulus one has multiplicity not greater than two, |r| ≤ 1 and is simple.
Also, applying this definition to the main schemes, it is found to be Zero stable.
Convergence
A method is said to be convergent if and only if, it is consistent and zero stable. Thus our method is convergent.
Region of Absolute Stability
The stability polynomial of the method is given by
where h = λ 2 h 2 and λ = df dy are assumed constant. The boundary locus curve is then obtained by putting
The mirror of (16) is then generated through the real axis to obtain the interval of absolute stability of the method. Table 1 : The boundaries of the region of absolute stability of the method
The region of absolute stability of the method is between (−22.28 15.82)
Numerical implementation of the scheme
In this section, we test the effectiveness and validity of our newly derived scheme by applying it to some second order differential equations. All numerical calculations and programs are carried out with the aid of Maple 13 software.
Example 1.
We consider a moderately stiff problem [1, 2, 11, 18] :
whose exact solution is y(x) = 1 − exp(x). We consider a highly stiff problem [1] :
whose exact solution is y(x) = exp(−x). We consider a highly oscillatory test problem [1] :
with λ = 2 whose exact solution y(x) = cos 2x + sin 2x. We consider an inhomogeneous example [16] : y ′′ = −100y + 99 sin(x), y(0) = 1, y ′ (0) = 11, which has a solution of the form y(x) = cos(10x) + sin(10x) + sin(x).
x Exact Numerical Error
Discussion of Result
A new one-step continuous block hybrid method with one non-step points of order 3 is proposed for the direct solution of general second order ordinary differential equations. The main method and the additional methods were obtained from the same continuous method derived via interpolation and collocation procedures.The methods are then applied in block form as simultaneous numerical integrators over non-overlapping interval. The analysis of the scheme shows that it is consistent, zero stable and has moderate region of absolute stability.
In Tables 3 and 6 , we compared the accuracy of the proposed method with those of Anake et al [2] , Yahaya and Badmus [18] , Kayode and Adeyeye [11] and Abhulimen and Okunuga [1] . From the tables, it can be observed that the new scheme displayed better accuracy.
Conclusion
The one step hybrid numerical scheme generated in this paper is accurate, efficient and can compete favorably with the existing schemes.
